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A REMARK ON CERTAIN INTEGRAL OPERATORS OF
FRACTIONAL TYPE
PABLO A. ROCHA
Abstract. For m,n ∈ N, 1 < m ≤ n, we write n = n1 + ... + nm where
{n1, ..., nm} ⊂ N. Let A1, ...,Am be n× n singular real matrices such that
m⊕
i=1
⋂
1≤j 6=i≤m
Nj = R
n,
where Nj = {x : Ajx = 0}, dim(Nj ) = n− nj and A1 + ...+Am is invertible.
In this paper we study integral operators of the form
Tf(x) =
∫
Rn
|x− A1y|
−n1+α1 · · · |x− Amy|
−nm+αmf(y) dy,
n = n1 + ...+ nm,
α1
n1
= ... = αm
nm
= r, 0 < r < 1, and the matrices A′is are as
above. We obtain the Hp(Rn)− Lq(Rn) boundedness of T for 0 < p < 1
r
and
1
q
= 1
p
− r.
1. Introduction
For 0 ≤ α < n and m > 1, (m ∈ N), let Tα,m be the integral operator defined by
(1) Tα,mf(x) =
∫
Rn
|x−A1y|
−α1 · · · |x−Amy|
−αm f(y)dy,
where α1, ..., αm are positive constants such that α1+...+αm = n−α, and A1, ..., Am
are n × n invertible matrices such that Ai 6= Aj if i 6= j. We observe that for the
case α > 0, m = 1, and A1 = I, Tα,1 is the Riesz potential Iα. Thus for 0 < α < n
the operator Tα,m is a kind of generalization of the Riesz potential. The case α = 0
and m > 1 was studied under the additional assumption that Ai−Aj are invertible
if i 6= j. The behavior of this class of operators and generalizations of them on the
spaces of functions Lp(Rn), Lp(w), Hp(Rn) and Hp(w) was studied in [1], [2], [4],
[5], [7] and [8].
If 0 < α < n and m > 1, then the operator Tα,m has the same behavior that the
Riesz potential on Lp(Rn). Indeed
|Tα,mf(x)| ≤ C
m∑
j=1
∫
Rn
|A−1j x− y|
α−n|f(y)|dy = C
m∑
j=1
Iα(|f |)(A
−1
j x),
for all x ∈ Rn, this pointwise inequality implies that Tα,m is a bounded operator
from Lp(Rn) into Lq(Rn) for 1 < p < n
α
and 1
q
= 1
p
− α
n
, and it is of type weak
(1, n/n− α).
It is well known that the Riesz potential Iα is bounded fromH
p(Rn) into Hq(Rn)
for 0 < p ≤ 1 and 1
q
= 1
p
− α
n
(see [11] and [3]). In [8], the author jointly with M.
Urciuolo proved the Hp(Rn) − Lq(Rn) boundedness of the operator Tα,m and we
also showed that the Hp(R)−Hq(R) boundedness does not hold for 0 < p ≤ 11+α ,
Key words and phrases: Integral operators, Hardy spaces.
2.010 Math. Subject Classification: 42B20, 42B30.
Partially supported by CONICET.
1
2 PABLO A. ROCHA
1
q
= 1
p
− α and Tα,m with 0 ≤ α < 1, m = 2, A1 = 1, and A2 = −1. This is a
significant difference with respect to the case 0 < α < 1, n = m = 1, and A1 = 1.
In this note we will prove that if we consider certain singular matrices in (1), then
such an operator is still bounded from Hp into Lq. More precisely, for m,n ∈ N,
1 < m ≤ n, we write n = n1 + ... + nm where {n1, ..., nm} ⊂ N, we also consider
n× n singular real matrices A1, ..., Am such that
m⊕
i=1
⋂
1≤j 6=i≤m
Nj = R
n,
where Nj = {x : Ajx = 0}, dim(Nj) = n − nj , A1 + ... + Am is invertible. Given
0 < r < 1 and n1, ..., nm such that n1 + ... + nm = n, let α1, ..., αm be positive
constants such that α1
n1
= ... = αm
nm
= r, for such parameters we define the integral
operator Tr by
(2) Trf(x) =
∫
Rn
|x−A1y|
−n1+α1 · · · |x−Amy|
−nm+αmf(y) dy,
where the matrices A′is are as above.
We observe that the operator defined in (2) can be written as in (1) taking
there the matrices Ai’s singular. In fact, Tr = Tβ,m with βi = ni − αi for each
i = 1, 2, ...,m and β = nr.
Our main result is the following
Theorem 1. Let Tr be the integral operator defined in (2). If 0 < r < 1,
0 < p < 1
r
and 1
q
= 1
p
− r, then Tr can be extended to an H
p(Rn)−Lq(Rn) bounded
operator.
In Section 2 we state two auxiliary lemmas to get the main result in Section 3.
We conclude this note with an example in Section 4.
Throughout this paper, c will denote a positive constant, not necessarily the
same at each occurrence. The symbol A . B stands for the inequality A ≤ cB for
some constant c.
2. Preliminary results
Let K be a kernel in Rn × Rn, we formally define the integral operator TK by
TKf(x) =
∫
Rn
K(x, y)f(y)dy.
We start with the following
Lemma 1. Let m,n ∈ N, with 1 < m ≤ n, and let n1, ..., nm be natural numbers
such that n1+ ...+nm = n. For each i = 1, ...,m let Ki be kernels in R
ni×Rni such
that the operator TKi is bounded from L
p(Rni) into Lq(Rni) with 1 < p, q < ∞,
then the operator TK1⊗···⊗Km is bounded from L
p(Rn) into Lq(Rn).
Proof. Since Rn = Rn1 × · · · ×Rnm let x = (x1, ..., xm) ∈ Rn1 × · · · ×Rnm , now
the operator TK1⊗···⊗Km is given by
TK1⊗···⊗Kmf(x) =
∫
Rn1×···×Rnm
K1(x
1, y1) · · ·Km(x
m, ym)f(y1, ..., ym) dy1...dym.
Using that the kernels Ki define bounded operators for 1 ≤ i ≤ m, the lemma
follows from an iterative argument and the Minkowski’s inequality for integrals.
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Lemma 2. Let m,n ∈ N, with 1 < m ≤ n, and let n1, ..., nm be natural numbers
such that n1+ ...+nm = n. If A1, ..., Am are n×n singular real matrices such that
m⊕
i=1
⋂
1≤j 6=i≤m
Nj = R
n,
where Nj = {x : Ajx = 0}, dim(Nj) = n − nj, and A1 + ... + Am is invertible,
then there exist two n × n invertible matrices B and C such that B−1AjC is the
canonical projection from Rn on {0} × · · · × Rnj × · · · × {0} for each j = 1, ...,m.
Proof. It is easy to check that
m⊕
i=1
⋂
1≤j 6=i≤m
Nj = R
n ⇒
⊕
1≤i6=k≤m
⋂
1≤j 6=i≤m
Nj = Nk
so
(3) Ak

 ⋂
1≤j 6=k≤m
Nj

 = R(Ak), k = 1, ...,m,
since dim(Nk) = n − nk then dim
(⋂
1≤j 6=k≤mNj
)
= dim(R(Ak)) = nk. Let
{γk1 , ..., γ
k
nk
} be a basis of
⋂
1≤j 6=k≤mNj thus {γ
1
1 , ..., γ
1
n1
, ..., γm1 , ..., γ
m
nm
} is a basis
for Rn. Let C be the n×nmatrix which columns are the elements of the above basis.
Since A1+...+Am is invertible we have that B = (A1+...+Am)C is invertible, so (3)
gives that B−1AjC is the canonical projection from R
n on {0}×···×Rnj×···×{0}
for each j = 1, ...,m. 
3. The main result
Proof of the Theorem 1. We begin by obtaining the Lp−Lq boundedness of the
operator Tr for 1 < p <
1
r
and 1
q
= 1
p
− r, and then with this result we will prove
the Hp − Lq boundedness of Tr for 0 < p ≤ 1 and
1
q
= 1
p
− r.
Lp−Lq boundedness. If A is a n×n invertible matrix we put fA(x) = f(A−1x).
Let B and C be the matrices given by Lemma 2, then
[Tr (fC)]B−1 (x) =∫
Rn
|(Bx −A1y)|
−n1+α1 · · · |(Bx −Amy)|
−nm+αm f(C−1y) dy =
|det(C)|
∫
Rn
∣∣B(x−B−1A1Cy)∣∣−n1+α1 · · · ∣∣B(x −B−1AmCy)∣∣−nm+αm f(y) dy.
Since B is invertible, then there exists a positive constant c such that c|x| ≤ |Bx|
for all x ∈ Rn. Thus
|[Tr (fC)]B−1 (x)| ≤ c
∫
Rn
∣∣x−B−1A1Cy∣∣−n1+α1 ···∣∣x−B−1AmCy∣∣−nm+αm |f(y)| dy
≤ c
∫
Rn1×...×Rnm
∣∣x1 − y1∣∣−n1+α1 · · · |xm − ym|−nm+αm |f(y1, ..., ym)| dy1...dym,
the second inequality it follows from Lemma 2 and from that |xj − yj | ≤ |x−Pjy|,
where Pj = B
−1AjC is the canonical projection from R
n on {0}×···×Rnj×···×{0}.
Since γ(αj)
−1|xj − yj |−nj+αj , for an appropriate constant γ(αj) (see [9], p. 117),
is the kernel of the Riesz potential on Rnj , then Theorem 1 (in [9], p. 119) and
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Lemma 1 give the Lp − Lq boundedness of the operator Tr for 1 < p <
1
r
and
1
q
= 1
p
− r.
Hp − Lq boundedness. Let 0 < p ≤ 1. We recall that a p-atom is a measurable
function a supported on a ball B of Rn satisfying
a) ‖a‖∞ ≤ |B|
− 1
p
b)
∫
yβa(y)dy = 0 for every multiindex β with |β| ≤ ⌊n(p−1 − 1)⌋, (⌊s⌋ denotes
the integer part of s).
Let 0 < p ≤ 1 < p0 <
1
r
, 0 < r < 1, and 1
q
= 1
p
−r. Given f ∈ Hp(Rn)∩Lp0(Rn),
from Theorem 2, p. 107, in [10] we have that there exist a sequence of nonnegative
numbers {λj}∞j=1, a sequence of balls Bj = B(zj , δj) centered at zj with radius δj
and p - atoms aj supported on Bj , satisfying
(4)
∑
j∈N
|λj |
p ≤ c ‖f‖pHp ,
such that f can be decomposed as f =
∑
j∈N
λjaj , where the convergence is in H
p and
in Lp0 (for the converge in Lp0 see Theorem 5 in [6]). So the Hp−Lq boundedness
of Tr will be proved if we show that there exists c > 0 such that
(5) ‖Traj‖Lq ≤ c
with c independent of the p-atom aj . Indeed, since f =
∑∞
j=1 λjaj in L
p0 and Tr is
a Lp0 −L
p0
1−rp0 bounded operator, we have that |Trf(x)| ≤
∑∞
j=1 λj |Traj(x)| a.e.x,
this pointwise estimate, the inequality in (5), joint to the inequality
∑
j∈N
|λj |
min{1,q}


1
min{1,q}
≤

∑
j∈N
|λj |
p


1
p
and (4) we obtain ‖Trf‖q ≤ c ‖f‖Hp , for all f ∈ H
p(Rn)∩Lp0 (Rn), so the theorem
follows from the density of Hp(Rn) ∩ Lp0(Rn) in Hp(Rn).
We will prove the estimate in (5). We define D = max1≤i≤mmax|y|=1 |Ai(y)|.
Let aj be an p - atom supported on a ball Bj = B(zj , δj), for each 1 ≤ i ≤ m
let B∗ji = B(Aizj, 4Dδj). Since Tr is bounded from L
p0 (Rn) into Lq0 (Rn) for
1
q0
= 1
p0
− r, 1 < p0 <
1
r
, the Ho¨lder inequality gives∫
⋃
1≤i≤m
B∗
ji
|Traj(x)|
q
dx ≤
∑
1≤i≤m
∫
B∗
ji
|Traj(x)|
q
dx
≤ c
∑
1≤i≤m
∣∣B∗ji∣∣1− qq0 ‖Traj‖qq0 ≤ cδn−nqq0j ‖aj‖qp0
≤ cδ
n−nq
q0
j

∫
Bj
|aj |
p0


q
p0
≤ cδ
n−nq
q0
j δ
−nq
p
j δ
nq
p0
j = c.
We denote k(x, y) = |x−A1y|
−n1+α1 ... |x−Amy|
−nm+αm and we put N − 1 =
⌊n(p−1 − 1)⌋. In view of the moment condition of aj we have
(6) Traj(x) =
∫
Bj
k(x, y)aj(y)dy =
∫
Bj
(k(x, y)− qN,j (x, y)) aj(y)dy,
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where qN,j is the degree N − 1 Taylor polynomial of the function y → k(x, y)
expanded around zj . By the standard estimate of the remainder term of the taylor
expansion, there exists ξ between y and zj such that
|k(x, y)− qN,j (x, y)| . |y − zj|
N
∑
k1+...+kn=N
∣∣∣∣∣ ∂
N
∂yk11 ...∂y
kn
n
k(x, ξ)
∣∣∣∣∣
. |y − zj |
N
(
m∏
i=1
|x−Aiξ|
−ni+αi
)(
m∑
l=1
|x−Alξ|
−1
)N
.
Now we decompose Rn =
⋃m
i=1B
∗
ji∪Rj , where Rj =
(⋃m
i=1 B
∗
ji
)c
, at the same time
we decompose Rj =
⋃m
k=1 Rjk with
Rjk = {x ∈ Rj : |x−Akzj | ≤ |x−Aizj | for all i 6= k}.
If x ∈ Rj then |x − Aizj| ≥ 4Dδj, for all i = 1, ...,m, since ξ ∈ Bj it follows that
|Aizj −Aiξ| ≤ Dδj ≤
1
4 |x−Aizj | so
|x−Aiξ| = |x−Aizj +Aizj −Aiξ| ≥ |x−Aizj| − |Aizj −Aiξ| ≥
3
4
|x−Aizj|.
If x ∈ Rj , then x ∈ Rjk for some k, and since
∑m
i=1(−ni + αi) = −n(1 − r) we
obtain
|k(x, y)− qN,j (x, y)| . |y − zj |
N
(
m∏
i=1
|x−Aizj |
−ni+αi
)(
m∑
l=1
|x−Alzj|
−1
)N
,
. |y − zj |
N |x−Akzj|
−n(1−r)−N
, if x ∈ Rjk and y ∈ Bj .
This inequality allow us to conclude that
∫
Rj
∣∣∣∣∣∣∣
∫
Bj
K(x, y)aj(y)dy
∣∣∣∣∣∣∣
q
dx =
∫
Rj
∣∣∣∣∣∣∣
∫
Bj
[K(x, y)− qN,j(x, y)] aj(y)dy
∣∣∣∣∣∣∣
q
dx
.
m∑
k=1
∫
Rjk

∫
Bj
|y − zj|
N |x−Akzj |
−n(1−r)−N |aj(y)| dy


q
dx
.

∫
Bj
|y − zj|
N |aj(y)| dy


q
m∑
k=1
∫
(B∗jk)
c
|x−Akzj|
−n(1−r)q−Nq
dx
. δ
qN−n q
p
+nq
j
∞∫
4Dδj
t−q(n(1−r)+N)+n−1dt ≤ c
with c independent of the p−atom aj since −q (n(1− r) +N) + n < 0.
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4. An example
For n = m = 3, n1 = n2 = n3 = 1 we consider the following 3 × 3 singular
matrices
A1 =

 4 4 −10 0 0
−4 −4 1

 , A2 =

 1 −1 0−2 2 0
0 0 0

 , A3 =

 1 0 −1−3 0 3
−1 0 1

 .
It is clear that
A1 +A2 +A3 =

 6 3 −2−5 2 3
−5 −4 2


is invertible. For each j = 1, 2, 3, let Nj = {x ∈ R3 : Ajx = 0}. A computation
gives
N1 = 〈(1, 0, 4), (0, 1, 4)〉, N2 = 〈(1, 1, 0), (0, 0, 1)〉, N3 = 〈(1, 0, 1), (0, 1, 0)〉,
one can check that
N1 ∩ N2 = 〈(1, 1, 8)〉, N1 ∩N3 = 〈(4,−3, 4)〉, and N2 ∩ N3 = 〈(1, 1, 1)〉.
We observe that N1 ∩N2⊕N1 ∩N3⊕N2 ∩N3 = R3. As in the proof of Lemma
2, we define the matrices C and B by
C =

 1 4 11 −3 1
1 4 8

 , B = (A1 +A2 +A3)C =

 7 7 −70 −14 21
−7 0 7

 ,
both matrices are invertibles with
B−1 =


2
21
1
21 −
1
21
1
7 0
1
7
2
21
1
21
2
21

 .
Now it is easy to check that
B−1A1C =

 1 0 00 0 0
0 0 0

 , B−1A2C =

 0 0 00 1 0
0 0 0

 , B−1A3C =

 0 0 00 0 0
0 0 1

 .
So, from Theorem 1, it follows that the operator Tr defined by
Trf(x) =
∫
R3
|x−A1y|
−1+r|x−A2y|
−1+r|x−A3y|
−1+rf(y)dy,
with 0 < r < 1, is a bounded operator from Hp(R3) into Lq(R3) for 0 < p < 1/r
and 1
q
= 1
p
− r.
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